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Introduction: "Bad Platonic Metaphysics"

Consider the following example of "bad metaphysics."

Given all the entities that have a certain property, there is one entity among them
that exemplifies the property in an absolutely perfect and universal way. It is
called the "concrete universal." There is a relationship of "participation" or
"resemblance" so that all the other entities that have the property "participate in"
or "resemble" that perfect example, the concrete universal. And conversely,
every entity that participates in or resembles the universal also has the property.
The concrete universal represents the "essence" of the property. All the other
instances of the property have "imperfections." There is a process of removing
imperfections so that by removing all the imperfections, one arrives at the essence
of the property, the concrete universal. For instance, if the property is
"whiteness," then the concrete universal (if it existed) would be something that
was "perfectly white" and so that anything else would be white if and only if it
resembled (in terms of color) that perfect example of whiteness.

To the modern ear, all this sounds like the worst sort of "bad Platonic metaphysics." Yet there is
a mathematical theory developed within the last fifty years, category theory, that provides
precisely that treatment of concrete universals within mathematics.

A simple example using sets will illustrate the points. Given two sets A and B, consider
the property of sets: F(X) = "X is contained in A and is contained in B." In other words, the
property is the property of being both a subset of A and a subset of B. In this example, the
participation relation is the subset relation. There is a set, namely the intersection or meet of A
and B, denoted AnB, that has the property (so it is a "concrete" instance of the property), and it
is universal in the sense that any other set has the property if and only if it participates in the

universal example:
concreteness: F(AMB), i.e., ANB is a subset of both A and B, and

universality: X participates in AnB if and only if F(X), i.e., X is a subset of AnB if

and only if X is contained in both A and B.



Given a set X with the property of "being a subset of both A and B," an imperfection of X
is another set X' with the property but which is not contained in X. If sets X and Y both have the
property, and X is contained in Y then Y is said to be more essential (in the sense of being
"equally or more of the essence") than X. If'Y is more essential than X then any imperfection of
Y is an imperfection of X, and X may have a few other imperfections of its own. In this case,
the process of eliminating or filtering out imperfections and becoming "more essential" is the
process of taking the union of sets. If X and Y have the property, then their union XUY is more
essential than both X and Y. Hence if we take the union of all the instances of the property (the
union of all the subsets of both A and B), then we will arrive at the "essence" of the property
without any imperfections, namely the intersection ANB.

This example of a concrete universal is quite simple, but all this "bad metaphysical talk"
has highly developed and precise models in category theory. This interpretation of category
theory as the theory of concrete universals is the main point of our paper. But we will briefly
mention two other controversies in philosophy related to concrete universals: the Third Man
Argument and the set theoretical paradoxes.

The Third Man Argument against self-predication in Platonic scholarship is that if
"whiteness itself" is white along side all other white objects then there must be a "One over the
Many" (a super whiteness) by virtue of which they are all white, and so on in an infinite regress.
But with the rigorous modeling of concrete universals in category theory, we see that the flaw in
the Third Man Argument is the assumption that the "One over the Many" is distinct from the
"Many." In the example cited above, the process of forming the "One over the Many" was the
process of taking the union of all the sets with the property (of being a subset of both A and B).
But the "One" which was the result of taking this union, namely AnB, was also one of the
"Many" (one of the subsets of both A and B taken in the union).

In the first half of this century, set theory was shaken by the discovery of the set
theoretical paradoxes such as Russell's Paradox. The original idea of set theory was to be a

general theory of universals where a universal for any given property was an entity such that all



objects would have the property if and only if they had a certain relation to that special universal
representing the property. The candidate for this universal entity was the set of all objects with
the property so that an object would have the property if and only if it was a member of that set.
But this broad definition of "set" allowed the fatal paradoxes. Moreover, the paradoxes all
followed because of the possibility in naive set theory of self-predication. For instance, Russell's
Paradox resulted from considering the set R of all sets that are not members of themselves. The
question of self-predication, "Is R a member of itself or not?", leads to the paradox.

Set theory was reconstructed to eliminate the paradoxes using the iterative notion of a set
where the set representing a property was forced to be more "abstract" than all the entities with
the property. Hence the universals in reformed set theory were always "abstract universals" that
were incapable of self-predication. The paradoxes of naive set theory resulted from the hubris of
trying to be a general theory of universals that could be both abstract and concrete at the same
time. Once set theory was reconstructed as the theory of abstract universals, the question arises
"Is there also a mathematical theory of concrete universals?" We answer "Yes"; that theory is
category theory.

Thus the interpretation of category theory as the theory of concrete universals allows one
to make a little more sense out of set theory being forced—on pain of paradox—to eschew self-
predication. Abstract and concrete universals require rather different mathematical treatments.
The paradoxes resulted from trying to use one theory for both types of universals.

The interpretation of category theory as the theory of concrete universals again raises the
question of category theory's relation to the foundation of mathematics. Lawvere and Tierney's
theory of topoi is an elegant category-theoretic generalization of set theory so it generalizes the
set-theoretic foundations of mathematics in many new directions. We argue that category
theory is also relevant to foundations in a different way, as the theory of concrete universals.
Category theory provides the framework to identify the concrete universals in mathematics, the

concrete instances of a mathematical property that exemplify the property is such a perfect and



paradigmatic way that all other instances have the property by virtue of participating in the

concrete universal.

Theories of Universals

In Plato's Theory of Ideas or Forms (g10m), a property F has an entity associated with it,
the universal ug, which uniquely represents the property. An object x has the property F, i.e.,
F(x), if and only if (iff) the object x participates in the universal ug. Let u (from peBe&ic or
methexis) represent the participation relation so

n

"x pug" reads as "x participates in ug".

Given a relation p, an entity ug is said to be a universal for the property F' (with respect

to n) if it satisfies the following universality condition:
for any x, x p up if and only if F(x).

A universal representing a property should be in some sense unique. Hence there should
be an equivalence relation (=) so that universals satisfy a uniqueness condition:

if up and ug' are universals for the same F, then ug ~ ug'.

A mathematical theory is said to be a theory of universals if it contains a binary relation p
and an equivalence relation ~ so that with certain properties F there are associated entities ugp
satisfying the following conditions:

(I) Universality: for any x, x pug iff F(x), and

(IT) Uniqueness: if ug and ug' are universals for the same F [i.e., satisfy (I) above], then

Uf ® Ug'.
A universal ug is said to be abstract if it does not participate in itself, 1.e., ~(ug [ ug).

Alternatively, a universal ug is concrete if it is self-participating, i.e., up [ Up.



Set Theory as The Theory of Abstract Universals

There is a modern mathematical theory that readily qualifies as a theory of universals,
namely set theory. The universal representing a property F is the set of all elements with the
property:

up = {x|F() }.

The participation relation is the set membership relation usually represented by €. The
universality condition in set theory is the equivalence called a (naive) comprehension axiom:
there is a set y such that for any x, xey iff F(x). Set theory also has an extensionality axiom,
which states that two sets with the same members are identical:

forall x, (x e y iff x € y') implies y=y"

Thus if y and y' both satisfy the comprehension axiom scheme for the same F then y and
y' have the same members so y =y'. Hence in set theory the uniqueness condition on universals
is satisfied with the equivalence relation (=) as equality (=) between sets. Thus naive set theory
qualifies as a theory of universals.

The hope that naive set theory would provide a general theory of universals proved to be
unfounded. The naive comprehension axiom lead to inconsistency for such properties as

F(x) ="xis not a member of X" = x¢x

If R is the universal for that property, i.e., R is the set of all sets which are not members

of themselves, the naive comprehension axiom yields a contradiction.
ReR iff RgR.
Equation. 1. Russell's Paradox

The characteristic feature of Russell's Paradox and the other set theoretical paradoxes is
the self-reference wherein the universal is allowed to qualify for the property represented by the
universal, e.g., the Russell set R is allowed to be one of the x's in the universality relation: x € R

iff xex.



There are several ways to restrict the naive comprehension axiom to defeat the set
theoretical paradoxes, e.g., as in Russell's type theory, Zermelo-Fraenkel set theory, or von
Neumann-Bernays set theory. The various restrictions are based on an iterative concept of set
[Boolos 1971] which forces a set y to be more "abstract", e.g., of higher type or rank, than the
elements xey. Thus the universals provided by the various set theories are "abstract" universals
in the intuitive sense that they are more abstract than the objects having the property represented
by the universal. Sets may not be members of themselves.!

With the modifications to avoid the paradoxes, a set theory still qualifies as a theory of
universals. The membership relation is the participation relation so that for suitably restricted
predicates, there exists a set satisfying the universality condition. Set equality serves as the
equivalence relation in the uniqueness conditions. But set theory cannot qualify as a general
theory of universals. The paradox-induced modifications turn the various set theories into
theories of abstract (i.e., non-self-participating) universals since they prohibit the self-

membership of sets.

Concrete Universals

Philosophy contemplates another type of universal, a concrete universal. The intuitive
idea of a concrete universal for a property 1is that it is an object that has the property and has it in
such a universal sense that all other objects with the property resemble or participate in that
paradigmatic or archetypal instance. The concrete universal ug for a property F is concrete in
the sense that it has the property itself, i.e., F(ug). It is universal in the intuitive sense that it
represents F-ness is such a perfect and exemplary manner that any object resembles or

participates in the universal up if and only if it has the property F.

1 Quine's system ML [1955b] allows "V eV" for the universal class V, but no standard model of ML has
ever been found where "€" is interpreted as set membership [viz. Hatcher 1982, Chapter 7]. We are concerned
with theories that are "set theories" in the sense that "€" can be interpreted as set membership.



The intuitive notion of a concrete universal occurs in ordinary language (the "all-
American boy"), in theology ("the Word made flesh"), in the arts and literature (the old idea that
great art uses a concrete instance to universally exemplify certain human conditions, e.g.,
Shakespeare's Romeo and Juliet exemplifies romantic tragedies), and in philosophy (the perfect
example of F-ness with no imperfections, only those attributes necessary for F-ness).

The notion of a concrete universal occurred in Plato's Theory of Forms [Malcolm 1991].
Plato's forms are often considered to be abstract or non-self-participating universals quite distinct
and "above" the concrete instances. In the words of one Plato scholar, "not even God can scratch
Doghood behind the Ears" [Allen 1960]. But Plato did give examples of self-participation or
self-predication, e.g., that Justice is just [Protagoras 330]. Moreover, Plato often used

expressions that indicated self-predication of universals.

But Plato also used language which suggests not only that the Forms exist
separately (ywpiota) from all the particulars, but also that each Form is a
peculiarly accurate or good particular of its own kind, i.e., the standard particular
of the kind in question or the model (mrapaderypua) to which other particulars
approximate. [Kneale and Kneale 1962, 19]

But many scholars regard the notion of a Form as paradeigma or concrete universal as an error.

For general characters are not characterized by themselves: humanity is not
human. The mistake is encouraged by the fact that in Greek the same phrase may
signify both the concrete and the abstract, e.g. to Agvkov (literally "the white")
both "the white thing" and "whiteness", so that it is doubtful whether
avto to Aevkov (literally "the white itself') means "the superlatively white
thing" or "whiteness in abstraction". [Kneale and Kneale 1962, 19-20]

Thus some Platonic language is ambivalent between interpreting a form as a concrete universal
("the superlatively white thing") and an abstract universal ("whiteness in abstraction").

The literature on Plato has reached no resolution on the question of self-predication.
Scholarship has left Plato on both sides of the fence; many universals are not self-participating
but some are. It is fitting that Plato should exhibit this ambivalence since the self-predication
issue has only come to a head in this century with the set theoretical antinomies. Set theory had

to be reconstructed as a theory of universals that were rigidly non-self-participating.



The reconstruction of set theory as the theory of abstract universals cleared the ground
for a separate theory of universals that are always self-participating. Such a theory of concrete
universals would realize the self-predicative strand of Plato's Theory of Forms.

A theory of concrete universals would have an appropriate participation relation p so that
for certain properties F, there are entities up satisfying the universality condition: for any x, x p
up if and only if F(x). The universality condition and F(ug) imply that ug is a concrete
universal in the previously defined sense of being self-participating, up p ug. A theory of
concrete universals would also have to have an equivalence relation so the concrete universals
for the same property would be unique up to that equivalence relation.

Is there a precise mathematical theory of concrete universals? Is there a theory that is to
concrete universals as set theory is to abstract universals? Our claim is that category theory is
precisely that theory.

To keep matters simple, all our examples will use one of the simplest examples of
categories, namely partially ordered sets [for less trivial examples with more of a category-
theoretic flavor, see Ellerman 1988]. Consider the universe of subsets P(U) of a set U with the
inclusion relation c as the partial ordering relation. Given sets a and b, consider the property

F(x) = xca&xch.

The participation relation is set inclusion < and the intersection a N b is the universal ugp
for this property F(x). The universality relation states that the intersection is the greatest lower
bound of a and b in the inclusion ordering:

forany x, x canb iff xca & xcb.

The universal has the property it represents, i.e.,anbca & anb c b, so it is a self-
participating or concrete universal. Two concrete universals for the same property must
participate in each other. In partially ordered sets, the antisymmetry condition,ycy' & y'cCy
implies y =y', means that equality can serve as the equivalence relation in the uniqueness

condition for universals in a partial order.



Category Theory as the Theory of Concrete Universals

For the concrete universals of category theory,? the participation relation is the uniquely-

factors-through relation. It can always be formulated in a suitable category as:
"x pu" means "there exists a unique arrow x—u'".
Then x is said to uniquely factor through u, and the arrow x—u is the unique factor or
participation morphism. In the universality condition,
for any x, x pu if and only if F(x),

the existence of the identity arrow 1,;:u—u is the self-participation of the concrete universal that
corresponds with F(u), the application of the property to u. In category theory, the equivalence
relation used in the uniqueness condition is the isomorphism (2).3

It is sometimes convenient to "turn the arrows around" and use the dual definition where
"x pu" means "there exists a unique arrow u—x" that can also be viewed as the original
definition stated in the dual or opposite category.

Category theory qualifies as a theory of universals with participation defined as
"uniquely factors through" and the equivalence relation taken as isomorphism. The universals of
category theory are self-participating or concrete; a universal u uniquely factors through itself by

the identity morphism.

2 To help establish notation, a category may be defined as follows [e.g., MacLane and Birkhoff 1967 or
MacLane 1971]:

A category C consists of
(a) a set of objects a, b, c, ...,
(b) for each pair of objects <a,b>, a set hom(a,b) = C(a,b) whose elements are represented as arrows or morphsims
fra—b,
(c) for any f € hom((a,b) and g € homc(b,c), there is the composition gf: a—b—c in homc(a,c),
(d) composition of arrows is an associative operation, and
(e) for each object a, there is an arrow 1, € hom((a,a), called the identity of a, such that for any f: a—b and g:c—a,
fly=fand 1, g=g.

An arrow f:a—b is an isomorphism if there is an arrow g:b—a such that fg = 1y, and gf = 1.
3 Thus it must be verified that two concrete universals for the same property are isomorphic. By the universality
condition, two concrete universals u and u' for the same property must participate in each other. Let fiu'»u and
g:u—u' be the unique arrows given by the mutual participation. Then by composition gf:u'—u' is the unique arrow
u'—u' but 1, is another such arrow so by uniqueness, gf = 1,;. Similarly, fg:u—u is the unique self-participation
arrow for u so fg = 1. Thus mutual participation of u and u' implies u = u'.



Category theory as the theory of concrete universals has quite a different flavor from set
theory, the theory of abstract universals. Given the collection of all the elements with a property,
set theory can postulate a more abstract entity, the set of those elements, to be the universal. But
category theory cannot postulate its universals because those universals are concrete. Category

theory must find its universals, if at all, among the entities with the property.

Universals as Essences

The concrete universal for a property represents the essential characteristics of the
property without any imperfections (to use some language of an Aristotelian stamp). All the
objects in category theory with universal mapping properties such as limits and colimits [viz.
Schubert 1972, Chaps. 7-8] are concrete universals for universal properties. Thus the universals
of category theory can typically be presented as the limit (or colimit) of a process of filtering out
or eliminating imperfections to arrive at the pure essence of the property.

Consider the previous example of the intersection anb of sets a and b as the concrete
universal for the property F of being contained in a and in b. Given a set x with the property of
"being a subset of both a and b," an imperfection of x is another set x' with the property but

which is not contained in x.

Figure 1. The set x' is an imperfection of the set x (relative to the property of being a subset of
both a and b).
If sets x and y both have the property, and x is contained in y then y is said to be more

essential (in the sense of being "equally or more of the essence") than x.
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Figure 2. The sety is more essential than x (with respect to the property of being a subset of
both a and b).

If y is more essential than x then any imperfection of y is an imperfection of x, and x may
have a few other imperfections of its own. In this case, the process of eliminating or filtering out
imperfections and becoming "more essential" is the process of taking the union of sets. If we
remove all the imperfections, i.e., add to x all the other elements common to a and b, then we
arrive at the "essence" of the property, the concrete universal anb for the property.

The property F(x) = x < a & x < b is preserved under arbitrary unions:

if F(xp) for any xp in {xg| B € B}, then F(Upxp).
Hence given any collection of instances {xg| B € B} of the property F, their union is more
essentially F than the instances. None of the sets in the collection are imperfections of the union.
Thus the limit of this process, the "essence of F-ness," can be obtained as the union of al/ the
instances of F:
u{x|xca&xcb}=anb.
Equation 2. The Essence of being a Subset of Set a and a Subset of Set b is Obtained by Filtering
Out All Imperfections.
It has no imperfections relative to the property F so it is the concrete universal. Moreover, since
the universal is concrete, the set anb is among the sets x involved in the union and it contains all
the other such sets x . Thus the union is "taken on," i.e., is equal to one of the sets in the union.
All the category theory examples can be dualized by "reversing the arrows." Reversing

the inclusion relation in the definition of F yields the property:
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Gx) =acx&bcx
The participation relation p for G is the reverse of inclusion D and the union of a and b is the
concrete universal. The universality condition is:
forallx, xDaubiffacx &bcx.

If x has the property G but is not the universal, then x has certain imperfections. An
imperfection of x (relative to the G property) would be given by an another set x' containing both
a and b but not containing x. A set of instances of G could be purified of some imperfections by
taking the intersection of the set. G-ness is preserved under arbitrary intersections. The
intersection of a collection of sets with the property G is (equally or) more essential than the sets
in the collection. None of the sets in the collection are imperfections of the intersection. Thus
the universal or essence of G-ness can be obtained as the intersection of a// the sets with the
property G:

N{x|acx&bcx}=aub.

The union of a and b has no imperfections relative to the property G.

Entailment as Participation Between Concrete Universals

In Plato's Theory of Forms, a logical inference is valid because it follows the necessary
connections between universals. Threeness entails oddness because the universal for threeness
"brings on" [emidpepet or epipherei, viz. Vlastos 1981, 102; or Sayre 1969, Part IV] or "shares in"
the universal for oddness. In a mathematical theory of universals, the "entailment" relation
between universals is defined as follows: given universals ug and ug,

ug entails ug if for any x, if x p ug then x p ug.

In set theory, the participation relation p is the membership relation € so the entailment
relation between sets as abstract universals is the inclusion relation. Thus in set theory as the
theory of abstract universals, the entailment relation (inclusion) between universals is not the

same as the participation relation (membership). Considerable effort was expended in the
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history of logic to clearly understand the difference between inclusion and membership, e.g.,
between the copulas in "All roses are beautiful" and "The rose is beautiful."

In category theory, the participation relation p is the uniquely-factors-through relation
and the universals are self-participating. If ug entails ug, then x p ug implies x p ug. Since ug p
ug (a relationship that does not hold for abstract universals), it follows that ug p ug. In short, for
the concrete universals of category theory,

Entailment relation = Participation relation restricted to concrete universals.

To speak in a philosophical mode for illustrative purposes, let "The Rose" and "The
Beautiful" be the concrete universals for the respective properties. In the theory of concrete
universals, the general statement "All roses are beautiful" and the singular statement "The Rose
is beautiful" are equivalent. Both express the proposition that "The Rose participates in The
Beautiful," and that proposition is distinct from the statement "The rose is beautiful" (about a
rather imperfect plant in one's backyard).

For an example of entailment, let us first consider another universal in the partial order of
subsets of some given universe set. Given sets a and b, the complement of a relative to b is the
concrete universal for the property

G(x)=anx cb.
Let the concrete universal be symbolized as a=b so by concreteness and universality we

have:
an(a=b) < b, and

for all x, x c a=b iffanx C b.

a=>

Figure 3. Relative complement a=b is the union of b with the complement of a.

13



The property F(x) = x < a & x < b entails the property G(x) = anx < b. The entailment
between the properties is realized concretely by the participation relationship between the two
concrete universals for the respective properties:

anb < a=b.
Equation 3. Universal for F Participates in Universal for G

We can now pair together the statements in our intuitive example and the corresponding
rigorous statements in the set theoretical example (using the correlation "The Rose" <> (anb)

and "The Beautiful" <> a=b). The three statements in each column of the table are equivalent.

Intuitive Example Corresponding Rigorous Statement in Set Example
All roses are beautiful. For all subsets x, x — a & x < b implies anx — b.

The Rose is beautiful. an (anb) cb.

The Rose participates in The Beautiful. anb ¢ a=b.

Adjoint Functors

One of the most important and beautiful notions in category theory is the notion of a pair
of adjoint functors. We will try to illustrate how adjoint functors relate to our theme of concrete
universals while staying within the methodological restriction of using examples from partial
orders (where adjoint functors are called "Galois connections").

We have been working within the inclusion partial order on the set of subsets P(U) of a
universe set U. Consider the set of all ordered pairs of subsets <a,b> from the Cartesian product
P(U)xP(U) where the partial order (using the same symbol <) is defined by pairwise inclusion.
That is, given the two ordered pairs <a', b™ and <a,b>, we define

<a'b™>c<ab>ifa'caandb' cb.
Order-preserving maps can be defined each way between these two partial orders. From

P(U) to P(U)xP(U), there is the diagonal map A(x) = <x,x>, and from P(U)xP(U) to P(U), there

14



is the meet map N(<a,b>) =a N b. Consider now the following "adjointness relation" between
the two partial orders:
A(c) < <a,b> iff c € N(<a,b>)
Equation 4. Adjointness Relationship
for sets a, b, and c in P(U). It has a certain symmetry that can be exploited. If we fix <a,b>, then
we have the previous universality condition for the meet of a and b:
for any c in P(U), A(c) < <a,b> iff c € n(<a,b>).
Equation 5. Universality Condition for Meet of Sets a and b

The defining property on elements ¢ of P(U) is that A(c) < <a,b> (just a fancy way of
saying that c is a subset of both a and b). But using the symmetry, we could fix ¢ and have
another universality condition using the reverse inclusion in P(U)xP(U) as the participation
relation:

for any <a,b> in P(U)xP(U), ¢ € n(<a,b>) iff <a,b> o A(c).
Equation 6. Universality Condition for A(c)

Here the defining property on elements <a,b> of P(U)xP(U) is that the meet of a and b is
a superset of the given set c. The concrete universal for that property is the image of ¢ under the
diagonal map A(c) = <c,c>, just as the concrete universal for the other property defined given
<a,b> was the image of <a,b> under the meet map N (<a,b>)=a N b.

Thus in this adjoint situation between the two categories P(U) and P(U)xP(U), we have a
pair of maps ("adjoint functors") going each way between the categories such that each element
in a category defines a certain property in the other category and the map carries the element to

the concrete universal for that property.

MU P(U)xP(U)

M

Figure 4. Example of Adjoint Functors Between Partial Orders
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The notion of a pair of adjoint functors is ubiquitous; it is one of the main tools that highlights

concrete universals throughout modern mathematics.

The Third Man Argument in Plato

Much of the modern Platonic literature on self-participation and self-predication [e.g.,
Malcolm 1991] stems from the work of Vlastos on the Third Man argument [1954, 1981]. The

name derives from Aristotle, but the argument occurs in the dialogues.

But now take largeness itself and the other things which are large. Suppose
you look at all these in the same way in your mind's eye, will not yet another
unity make its appearance—a largeness by virtue of which they all appear large?

So it would seem.

If so, a second form of largeness will present itself, over and above largeness
itself and the things that share in it, and again, covering all these, yet another,
which will make all of them large. So each of your forms will no longer be one,
but an indefinite number. [Parmenides, 132]

If a form is self-predicative, the participation relation can be interpreted as
"resemblance". An instance has the property F because it resembles the paradigmatic example of
F-ness. But then, the Third Man argument contends, the common property shared by Largeness
and other large things gives rise to a "One over the many", a form Largeness* such that
Largeness and the large things share the common property by virtue of resembling Largeness*.
And the argument repeats itself giving rise to an infinite regress of forms. A key part of the

Third Man argument is what Vlastos calls the Non-Identity thesis:

NI If anything has a given character by participating in a Form, it is not identical
with that Form. [Vlastos 1981, 351]

It implies that Largeness* is not identical with Largeness.

P. T. Geach [1956] has developed a self-predicative interpretation of Forms as standards
or norms, an idea he attributes to Wittgenstein. A stick is a yard long because it resembles,
lengthwise, the standard yard measure. Geach avoids the Third Man regress with the
exceptionalist device of holding the Form "separate" from the many so they could not be

grouped together to give rise to a new "One over the many". Geach aptly notes the analogy with
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Frege's ad hoc and unsuccessful attempt to avoid the Russell-type paradoxes by allowing a set of
all and only the sets which are not members of themselves—except for that set itself [viz. Quine
1955a, Geach 1980].

Category theory provides a mathematical model for the Third Man argument, and it
shows how to avoid the regress. The category-theoretic model shows that the flaw in the Third
Man argument lies not in self-predication but in the Non-Identity thesis [viz. Vlastos 1954, 326-
329]. "The One" is not necessarily "over the many"; it can be (isomorphic to) one among the
many. In mathematical terms, a colimit or limit can "take on" one of the elements in the
diagram. In the special case of sets ordered by inclusion, the union or intersection of a collection
of sets is not necessarily distinct from the sets in the collection; it could be one among the many.

For example, let A = U{Ap} be the One formed as the union of a collection of many sets
{Ap}. Then add A to the collection and form the new One* as

A*= U{Ap} VA.
This operation leads to no Third Man regress since A* = A.

Whitehead described European philosophy as a series of footnotes to Plato, and the
Theory of Forms was central to Plato's thought. We have seen a number of ways in which the
interpretation of category theory as the theory of concrete universals provides a rigorous self-
predicative mathematical model for Plato's Theory of Forms and for the intuitive notion of a

concrete universal elsewhere in philosophy.

Category Theory and Foundations

What is the relevance of category theory to the foundations of mathematics? Today, this
question might be answered by pointing to Lawvere and Tierney's theory of toposes [e.g.,
Lawvere 1972, Lawvere et al. 1975, or Hatcher 1982]. Topos theory can be viewed as a
categorically formulated generalization of set theory to abstract sheaf theory. A set can be
viewed as a sheaf of sets on the one-point space, and much of the machinery of set theory can be

generalized to sheaves (e.g., the author's 1971 dissertation [1974] generalizing the ultraproduct
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construction to sheaves on a topological space). Since much of mathematics can be formulated
in set theory, it can be reconstructed with many variations in topoi.

The concept of category theory as the logic of concrete universals presents quite a
different picture of the foundational relevance of category theory. Topos theory is important in
its own right as a generalization of set theory, but it does not exclusively capture category
theory's foundational relevance. Concrete universals do not "generalize" abstract universals, so
as the theory of concrete universals, category theory does not try to generalize set theory, the
theory of abstract universals. Category theory presents the theory of the other type of universals,
the self-participating or concrete universals.

Logic becomes concrete in category theory as the theory of concrete universals. Facts
become things. Properties F can be realized concretely as universals ug. The fact that x is an F-
instance is realized concretely by the unique participation morphism x—ug. A universal
implication "for all x, F(x) implies G(x)" is realized concretely by the unique participation
morphism ugp—ug wherein one universal "brings on" or entails another universal.

Category theory is relevant to foundations in a different way than set theory. As the
theory of concrete universals, category theory does not attempt to derive all of mathematics from
a single theory. Instead, category theory's foundational relevance is that it provides universality
concepts to characterize the important structures or forms throughout mathematics.

The Working Mathematician knows that the importance of category theory is that it
provides a criterion of importance in mathematics. Category theory provides the concepts to
isolate the universal instance from among all the instances of a property. The Concrete
Universal is the most important instance of a property because it represents the property in a
paradigmatic way. It shows the essence of the property without any imperfections. All other

instances have the property by virtue of participating in the Concrete Universal.

18



References

Allen, R. E. 1960. "Participation and Predication in Plato's Middle Dialogues." The
Philosophical Review 64:147-64.

Boolos, George. 1971. "The Iterative Conception of Set." The Journal of Philosophy 68, (April
22): 215-31.

Eilenberg, S., and MacLane, S. 1945. "General Theory of Natural Equivalences." Transactions
of the American Mathematical Society 58: 231-94.

Ellerman, David P. 1974. "Sheaves of Structures and Generalized Ultraproducts." Annals of
Mathematical Logic 7 (December): 163-95.

Ellerman, David P. 1988. "Category Theory and Concrete Universals." Erkenntnis 28: 409-29.
Geach, P. T. 1956. "The Third Man Again." The Philosophical Review 65: 72-82.

Geach, P. T. 1980. Logic Matters. Berkeley: University of California Press.

Hatcher, William. 1982. The Logical Foundations of Mathematics. Oxford: Pergamon Press.

Kneale, William, and Martha Kneale. 1962. The Development of Logic. Oxford: Oxford
University Press.

Lawvere, W., ed.. 1972. Springer Lecture Notes in Mathematics 274: Toposes, Algebraic
Geometry and Logic. Berlin: Springer-Verlag.

Lawvere, W., C. Maurer, and G. C. Wraith. 1975. Springer Lecture Notes in Mathematics 445:
Model Theory and Topoi. Berlin: Springer-Verlag.

MacLane, Saunders. 1971. Categories for the Working Mathematician. New Y ork: Springer-
Verlag.

MacLane, Saunders, and Garrett Birkhoff. 1967. Algebra. New Y ork: MacMillan.
Malcolm, John. 1991. Plato on the Self-Predication of Forms. Oxford: Clarendon Press.
Quine, W.V.0O. 1955a. On Frege's Way Out. Mind. 64: 145-59.

Quine, W.V.O. 1955b. Mathematical Logic. Cambridge, Mass.: Harvard University Press.
Sayre, Kenneth. 1969. Plato's Analytic Method. Chicago: University of Chicago Press.
Schubert, Horst. 1972. Categories. Trans. Eva Gray. New York: Springer-Verlag.
Vlastos, Gregory. 1981. Platonic Studies. Princeton: Princeton University Press.

Vlastos, Gregory, ed.. 1978. Plato: A Collection of Critical Essays I: Metaphysics and
Epistemology. Notre Dame: University of Notre Dame Press.

19



